Common fixed point results for families of single-valued nonexpansive or quasi-nonexpansive mappings and multivalued upper semicontinuous, almost lower semicontinuous or nonexpansive mappings are proved either in CAT(0) spaces or R-trees. It is also shown that the fixed point set of quasi-nonexpansive self-mapping of a nonempty closed convex subset of a CAT(0) space is always nonempty closed and convex.
In this paper, we prove some fixed point results either in CAT(0) spaces or R-trees for families of single-valued nonexpansive or quasi-nonexpansive mappings and multivalued upper semicontinuous, almost lower semicontinuous or nonexpansive mappings which are weakly commuting. We also establish a result which implies that the fixed point set of quasi-nonexpansive self-mapping of a nonempty closed convex subset of a CAT(0) space is always nonempty closed and convex.
Preliminaries
For any pair of points x, y in a metric space (M, 
A geodesic metric space M is called a CAT(0) space if all geodesic triangles of appropriate size satisfy the following comparison axiom [4] :
Let be a geodesic triangle in M and let in R 2 be its comparison triangle. Then is said to satisfy the CAT (0) inequality if for all x, y ∈ and all comparison points x, y in ,
) is said to be gated [8] if for any point x / ∈ X there exists a unique z ∈ X such that for any y ∈ X , 
It follows from (i) and (ii) that
Examples of R-trees can be found in [12] .
The following properties of an R-tree are useful [4, 9, 12] .
for any points x, y, u, v ∈ M. (iii) A metric space is a complete R-tree if and only if it is hyperconvex and has unique geodesic segments.
for all x ∈ X . f and T are said to commute weakly [10] 
where ∂ X Y denotes the relative boundary of Y ⊂ X with respect to X . Let F be a family of self-mappings of X . Then F and T are said to commute weakly (resp. commute) if each f ∈ F and T commute weakly (resp. commute). We denote by Fix(F ) the sets of common fixed points of 1) . f is said to be nonexpansive with respect to Y (a nonempty subset of X ) if for any 
where
T is called almost lower semicontinuous if given > 0, for each x ∈ X there is a neighborhood U (x) of x such that y∈U (x) N (T (y)) = ∅. Any mapping that is lower semicontinuous or quasi-lower semicontinuous is almost lower semicontinuous (see, e.g., [17] ).
Main results
The following result is immediate. 
If f (X) ⊂ X , then Fix( f ) = A and so we have the following result of Chaoha and Phon-on [5] as a corollary.
Corollary 3.2. Let X be a closed convex subset of a complete CAT(0) space, f a quasi-nonexpansive self-mapping of X . Then A = Fix( f ) is a nonempty closed convex set on which f is continuous.
The following result extends and improves Theorem DKP. It basically shows that the assumption that the mapping f is nonexpansive in Theorem DKP of [6] can be replaced by the assumption that f is only quasi-nonexpansive. 
Theorem 3.3. Let X be a nonempty closed bounded convex subset of a complete CAT(0) space M, f a quasi-nonexpansive self-mapping of X , and T : X → 2 X a nonexpansive mapping, where for any x ∈ X , T x is nonempty compact convex. If f and T commute weakly, then there exists an element z ∈ X such that z = f (z) ∈ T (z).

Proof. By Corollary 3.2, Fix( f ) is nonempty closed convex. Let
Fix( f ) . Notice that for any x, y ∈ Fix( f ),
for all x, y ∈ Y . This shows that f t : Y → X is a contraction. 
bounded convex by Theorem 12 of Kirk [14] . Now Theorem 26 of Kirk [15] guarantees that lim t→1 − y t converges to the unique fixed point of f which is nearest u. As a result, lim t→1
Remark 3.6. Let X be a nonempty closed bounded convex subset of a complete CAT(0) space M, f : X → M a nonexpansive mapping. Then there exists an element z ∈ X such that
To see this, let P X be the proximinal nonexpansive retraction of M into X . Then P X • f is a nonexpansive self-mapping of X and so has a fixed point z. Hence
The following result also follows from Theorem 3.3 but the proof given here is constructive one. 
is nonempty by Remark 3.6 and A = Fix(P X f ).
Then F is nonexpansive and has a fixed point v ∈ X by Corollary 3.5 of Dhompongsa, Kaewkhao and Panyanak [6] . Notice that 
and so f (u) = u. Thus u is a common fixed point of F , which implies
X is an almost lower semicontinuous mapping, for any x ∈ Fix(F ) and > 0 there exist a neighborhood U (x) of x and a point w ∈ X such that T (y) ∩ B(w, ) = ∅ for y ∈ U (x). Since w ∈ N (T (y)) and N (T (y)) ∩ Fix(F ) = ∅, it follows from Lemma 4.1 of Markin [17] that P Fix(F ) (w) ∈ N (T (y)) ∩ Fix(F ) for y ∈ U (x). Thus, B(P Fix(F ) (w), ) ∩ T (y) ∩ Fix(F ) = ∅ for y ∈ U (x). This proves our claim. Now Theorem 4.4 of Markin [17] guarantees the existence of z ∈ Fix(F ) such that z ∈ F (z). As a result, we have f (z) = z ∈ T (z) for all f ∈ F . 2 Corollary 3.11. Let X be a nonempty geodesically bounded closed convex subset of a complete R-tree M, F a commuting family of nonexpansive self-mappings of X , and T : X → 2 X almost lower semicontinuous, where for any x ∈ X , T x is nonempty closed bounded and convex. If F and T commute weakly, then there exists an element z ∈ X such that z = f (z) ∈ T (z) for all f ∈ F .
Proof. By Theorem 4.3 of Espinola and Kirk [9] , Fix(F ) is nonempty closed convex and geodesically bounded. So the result follows from Theorem 3.10. 2
